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Subobjets of the Suessive Power Objets in the Topos G− Set
Apoloniusz Tyszka
Abstrat. Let G be a group and let M be an objet of the topos G − Set. We
prove that an objet X of the ategory G − Set is isomorphi to some subobjet
of one of the objets P (M), P (P (M)), P (P (P (M))), . . . if and only if ard X <
sup{cardP (M), cardP (P (M)), cardP (P (P (M))), . . . } and {g ∈ G : ∀m ∈ M gm =
m} ⊆ {g ∈ G : ∀x ∈ X gx = x}.
In this paper we present a simplied proof of a theorem whih was proved in [6℄;
earlier weaker results of this type an be found in [4℄ and [5℄. Let G be a group. The
ategory G − Set has as objets, sets equipped with a G-ation and as morphisms
funtions preserving this ation. This is a topos (see [2℄ for the introdution to the
topoi theory), i.e. G − Set is an elementary topos in the terminology of [3℄. Let
P : G− Set→ G− Set denote the power funtor.
Theorem. LetM be an objet of the topos G−Set. Then an objet X of the topos
G − Set is isomorphi to some subobjet of one of the objets Mn := P (. . . (P︸ ︷︷ ︸
n times
(M)))
(n ≥ 1) if and only if
cardX < χ(M) := sup{cardM, cardP (M), cardP (P (M)), . . . }, (1)
and
GM := {g ∈ G : ∀m ∈M gm = m} ⊆ GX := {g ∈ G : ∀x ∈ X gx = x}. (2)
Proof. The neessity is obvious, we show the suieny. Eah transitive G-set X
whih satises (2) is isomorphi to a G-set of the form ({gH : g ∈ G}, G, L) where
H is a subgroup of G and L denotes left translation (see [1℄ p.106), obviously GM ⊆
GX ⊆ H. Take any relation whih well orders M , let M = {mγ}γ<α. Then the
transitive G-set determined by z := {{mγ : γ < β} : β ≤ α} ∈ M2 is isomorphi
to ({gGM : g ∈ G}, G, L), hene (Z. Moszner in [6℄) ({gHz : g ∈ G}, G, L) i.e.
({{ghz : h ∈ H} : g ∈ G}, G, L) is a subobjet of M3 whih is isomorphi to
({gH : g ∈ G}, G, L).
An arbitrary G-set X whih satises (1) and (2) is a disjoint union of less than
χ(M) transitive G-sets Yδ suh that GM ⊆ GYδ := {g ∈ G : ∀y ∈ Yδ gy = y}. The
proof will be ompleted by showing that Mn+4 inludes ard Mn pairwise disjoint
objets, eah of them isomorphi to M3. Let Bij(M) denote the group of bijetions
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of M , by P : Set→ Set we mean the power set funtor. The relation:
xRn+1y :⇐⇒ ∃f ∈ Bij(M) y = P(. . . (P︸ ︷︷ ︸
n+1 times
(f)))(x), where x, y ∈Mn+1
is an equivalene relation on Mn+1. Let [x]Rn+1 denote the equivalene lass of x ∈
Mn+1, obviously ard [x]Rn+1 ≤ card Bij(M). Using the inequality card Mn+1 >
cardMn · card Bij(M) (valid both for nite and innite M) we obtain that
card (Mn+1/Rn+1) > card Mn. If w ∈ Mn+1 then ∀g ∈ G g[w]Rn+1 = [w]Rn+1 ,
hene the following G-set:
Xw :=

〈{. . . {x} . . . }︸ ︷︷ ︸
n−1 times{ }
, [w]Rn+1〉 : x ∈M3


is a subobjet of Mn+4 whih is isomorphi to M3. Moreover, for every s, t ∈Mn+1 if
[s]Rn+1 6= [t]Rn+1 then Xs ∩Xt = ∅. This observation ompletes the proof.
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